Abstract. We present a new characterization of essentially finitely indecomposable abelian p-groups. Parallel ideas are also applied to the socles of groups, especially in the case of groups that are pure-complete. These results are then used to discuss the class of thick abelian p-groups.
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A/K is Σ-cyclic, then there is a natural number j such that (p j A)[p] ⊆ K . A useful fact is that
A is thick if and only if A/p ω A is thick (see, e.g., [4] ).
Clearly each thick group is efi (otherwise, consider the projection onto an unbounded Σ-cyclic summand), while the converse is not true (see, e.g., [6] and [5] ). Nevertheless, these two classes share some interesting properties; for instance in [2] it was proved that G is efi if and only if G/p ω G has this property.
We use the our results to give new perspectives on some old results; for example, that a group with socle that is efi is necessarily thick (Corollary 3.6; cf. [12] ), and that the converse holds for pure-complete groups (Corollary 3.8; cf. [1] ).
A criterion for reduced efi groups
Recall that a group G is essentially finitely indecomposable, or efi, if G = ⊕ i ∈I G i implies that there exists a positive integer m such that p m G i = {0} for almost all (i.e., for all but a finite number of) indices i ∈ I . For reduced groups, the following gives another characterization.
Theorem 2.1. If G is a reduced group, then G is efi iff whenever G = ∪ n<ω A n , where A n ⊆
A n+1 ≤ G and each A n is pure and nice in G, there exists an index k such that G/A k is bounded.
Proof. If G is not efi, then it has an unbounded summand which is Σ-cyclic. Using this, we can easily express G as an ascending union of a sequence of summands A n of G such that each G/A n is unbounded.
Conversely, suppose the group G can be expressed as the ascending union of a sequence of pure, nice subgroups A n such that each G/A n is unbounded. We want to show that G is not efi.
We construct a strictly increasing sequence of positive integers, {n i } i <ω , elements x i ∈ A n i and summands C i of G satisfying the following:
Before constructing these things, we note that the result easily follows from the following:
To verify that (a)-(d) imply the Claim, note first that (b) and (d) imply that C ∩ A n i = C i ∩ A n i . In addition, since Y i ⊆ A n i , it follows from (c) that So, to finish off the proof, we need to show that once we have constructed n 1 , . . . , n i ; X 1 , . . . , X i , and C 1 , . . . ,C i satisfying (a)-(d), we can construct n i +1 , x i +1 and C i +1 . 
. Now, since B is pure in G, it is certainly pure in E , and since the quotient
Note that (a) and (b) are evident. To verify (d), notice that
As for (c), note that if
showing that (c) holds, and concluding the proof.
Remark. The condition for niceness on subgroups of the whole group is not necessary in Theorem 2.1. In fact, we do not even need that each A n is nice in G; it will suffice to assume that every quotient group G/A n is not the direct sum of a bounded group and a divisible group. However, a little more work must be done. In other words, to characterize thick groups, as opposed to efi groups, we restrict "reduced" in Theorem 2.1 to "separable" and we only demand that the subgroups A n be nice in G (i.e., we drop the assumption of purity).
We will now raise some questions.
Problem 2.3. If P be a pure subgroup of a group A and both P and A/P are efi, does it follow that A is also efi?
This question can be resolved positively if the following holds: If A is a group with Σ-cyclic summand of final rank α, P is a pure subgroup of A and A/P does not have such a summand, then A has a summand contained in P which is a Σ-cyclic group of final rank α.
For thick groups this question was settled in [15] .
In [11] , a group A of final rank α was called far from thick if it admits an α-homomorphism,
i.e., a homomorphism φ : A → C , where C is a Σ-cyclic group, such that for all n < ω the image
) has rank at least α.
We pause for the following observation: Now we can ask a question similar to Problem 2.3 for groups that are far from thick.
Problem 2.5. If P be a pure subgroup of a group A and A is far from thick, does it follow that (at least one of) P or A/P is also far from thick?
To establish this we need to prove that if there is an α-homomorphism defined on A, then the same will hold for either P and A/P .
We close this section with the following.
Problem 2.6. Describe the efi groups that are far from thick.
For example, in [3] a p ω+2 -projective group was constructed that is efi. Utilizing ( [11] , Corollary 25), this group will be far from thick. 
Groups with efi socles
Proof. It is easy to see that if A[p] is not efi, then it is not countably-complete. So assume A[p]
is not countably-complete; let {A n } n<ω testify to this assertion. If B is a basic subgroup of A, then we can view A as a pure subgroup of the torsion-complete group B. Since a torsioncomplete group is quasi-complete (see section 74 of [9] for a definition of this term), then repeatedly using ( [9] , Theorem 74.1) we can construct an ascending sequence {P n } n<ω of pure subgroups of B such that P n [p] = A n for each n < ω. If G is the union of the P n , it is readily checked that each G/P n will be an unbounded separable group. So by Theorem 2.1, G is not efi; i.e., G has a summand C that is an unbounded Σ-cyclic group. 
It was proved in [2] that G is efi iff G/p ω G is efi. So, the following question arises quite
is efi? Half of this is straightforward.
is the ascending union of the closed subgroups
If φ : G → G/p ω G is the canonical epimorphism and we let
is the ascending union of the subgroups X n , which will all be closed in G [p] . So there are
Unfortunately, the converse of Proposition 3.4 fails. For example, if B is an unbounded Σ-cyclic group with torsion completion B and we let G = B/B [p], then it can simply be checked
will not be.
In [12] it was observed that each separable group with efi socle is thick. We present a different proof of this fact.
Proposition 3.5. If A[p] is countably-complete, then A is thick.
Proof. Let A/K be a Σ-cyclic group. Express A/K as an ascending union ∪ n<ω (A n /K ), where 
According to [1] , this shows that A is thick. Proof. This follows directly from Propositions 3.2 and 3.5.
We now observe that all three notions alluded to above do coincide for pure-complete groups. 
